The Lie symmetry approach with simplest equation method is used to construct exact solutions of the bad Boussinesq and good Boussinesq equations. As the simplest equation, we have used the equation of Riccati.
Introduction
Nonlinear wave phenomena, which are modelled by nonlinear partial differential equations (NLPDEs), appear in various scientific and engineering fields, such as fluid mechanics, plasma physics, optimal fiber, biology, solid state physics, chemical physics, geometry, and oceanology [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . Much effort has been made on the construction of exact solutions of NLPDEs. These nonlinear equations have been studied by using various analytical methods, such as tanh-function method, extended tanh-function method [1] [2] [3] , sine-cosine method [4, 5] , ( / )-expansion method [6] , and so on. In this paper, we study the Boussinesq equations [7] :
which are named after the French scientist Joseph Boussinesq (1842-1929). These equations were modelled in the 1870s and they describe the propagation of long waves on the surface of water with a small amplitude. The Boussinesq equations have been solved using several methods [8] [9] [10] [11] . In this paper, we use the Lie symmetry method along with the simplest equation method to obtain exact solutions of the Boussinesq equations (1)- (2) . The simplest equation method was developed by Kudryashov [12] on the basis of a procedure analogous to the first step of the test for the Painlevé property. The outline of this paper is as follows. In Section 2, we discuss the methodology of the simplest equation method when the simplest equation is the equation of Riccati. In Section 3, we discuss the symmetry analysis, and in Section 4, we obtain exact solutions of the mentioned Boussinesq equations. Concluding remarks are summarized in Section 5.
Analysis of the Simplest Equation Method
We consider a partial differential equation and assume that by means of an appropriate transformation this partial differential equation is transformed to a nonlinear ordinary differential equation in the form
Exact solution of this equation can be constructed as finite series
where ( ) is a solution of some ordinary differential equation referred to as the simplest equation. The simplest equation has two properties:
(1) the order of simplest equation should be less than the order of (3); (2) we should know the general solution of the simplest equation or at least exact analytical particular solution(s) of the simplest equation.
In this paper, we use the equation of Riccati as the simplest equation. This equation is a well-known nonlinear ordinary differential equation which has exact solutions in terms of elementary functions. In this paper, for the Riccati equation
where and are nonzero constants, we use the solution
, for > 0, < 0. (7) Here, 0 is a constant of integration. Now, ( ) can be determined explicitly by using the following three steps.
Step 1. By considering the homogeneous balance between the highest nonlinear terms and the highest order derivatives of ( ) in (3), the positive integer in (4) is determined.
Step 2. By substituting (4) into (3), making use of (5), and collecting all terms with the same powers of together, the left-hand side of (3) is converted into a polynomial. After setting each coefficient of this polynomial to zero, we obtain a set of algebraic equations in terms of ( = 0, 1, 2, . . . , ).
Step 3. Solving the system of algebraic equations and then substituting the results and the general solutions (6) or (7) into (4) gives solutions of (3).
Lie Symmetry Analysis
To apply the classical method of symmetry analysis [16, 17] , we consider the one-parameter Lie group of infinitesimal transformations in , , given by * = + 1 ( , , ) + (
where is the group parameter. The related Lie algebra is generated by the vector field
Applying the fourth prolongation of the vector field (9), [4] , to (1), we have [4] 
= 0.
Expanding the above equation, we obtain the following overdetermined system of linear partial differential equations:
Solving the above system of equations, we obtain the following three Lie point symmetries of (1):
We now use the two translation symmetries 1 and 2 and consider = 1 + ] 2 . This symmetry yields the two invariants
which gives a group invariant solution = ( ), and consequently using these invariants (1), is transformed into the fourth-order nonlinear ordinary differential equation
Likewise, (2) is transformed to
Exact Solutions of the Boussinesq Equations
We now use the simplest equation method to obtain exact solutions. Let us consider the solutions of (14) and (15) in the form
where ( ) satisfies the Riccati equation (5), is a positive integer that can be determined by a balancing procedure, and 0 , 1 , 2 , . . . , are parameters to be determined. In this case, the balancing procedure yields = 2, and so the solutions of (14) and (15) are of the form
4.1. Solutions of (1) Using Simplest Equation Method. Substituting (17) into (14), making use of the Riccati equation (5) and then equating all coefficients of the functions to zero, we obtain an algebraic system of equations in terms of 0 , 1 , and 2 . Solving the algebraic system of equations, with the aid of mathematica, we obtain the following values of 0 , 1 , 2 :
Therefore, for the case < 0, > 0, the solution of (1) is given by
and when > 0, < 0, the solution of (1) is given by
where = − ] .
Solutions of (2) Using Simplest Equation Method
. Following the same procedure as above, for (15), we obtain the following values of 0 , 1 , 2 :
and so for the case < 0, > 0, the solution of (2) is given by
and for > 0, < 0 the solution of (2) 
Concluding Remarks
In this paper, Lie symmetry method along with the simplest equation method has been successfully used to obtain exact solutions of the bad and good Boussinesq equations. As the simplest equation, we have used the equation of Riccati. We have also verified that the solutions we have found are indeed solutions to the original equations.
